1. Let K(x) be an even function, defined on (-», ») and such that 1 ^ K(x) = ».
As to its regularity, let us suppose that K(x) is lower semi-continuous. Let Ck be the class of functions f(x) which are continuous on ( -oo, » ) and satisfy the condition (1) lim -^A-= 0, 1*1 -K (x) and assume that every polynomial satisfies this condition. Bernstein's approximation problem is to find the conditions on K(x) under which every function f(x) in Ck can be approximated by a polynomial P(x) so that | f(x) -P(x) | < eK(x), -» < x < », where e is a given number, e>0. If the approximation is possible we say that K is of type B.
This problem has been treated by various authors, but the results are scattered, and no complete solution has been given even in the case when log K(x) is convex in log x. We shall be concerned chiefly with the question of finding necessary conditions, which is of interest also for Stieltjes' moment problem. Let us finally note that analogous considerations are valid if we approximate f(x) by polynomials so that /°° dx \ f(x) -P(x)\* ~-< e, pZl.
2. A sufficient condition can be found by means of the following theorem :
Theorem. Let h(z), z=x+iy, be holomorphic in x>0 and suppose This theorem has a proof which is similar to that of a theorem of Fuchs,1 making use of bilateral Laplace transforms. Since theorems of this kind are well known, we omit the proof. Let us only note that we can a priori replace m(x) by m*(x).
3. Let now p be a measure of bounded variation on [0, oo ) such that oo fin dp(t) = 0, If, on the other hand,'
let {P"(x)} be a sequence of polynomials such that
uniformly in ». We have, for y?¿0, Um sup
The family {P"(z)j is thus normal in the half-plane y>0, say, and we can conclude that f(x) is the limit function of a function F(z) which is holomorphic for y>0: Theorem. // log K(x) is a convex function of log x and K(0) < °°, then K(x) is of type B if and only if the integral (3) diverges.
4. It would be very natural to suppose that the condition that (3) converges is necessary and sufficient for an arbitrary function K(x).s This is, however, not the case, although it is true for a very large class of functions K(x). We have to require a certain regularity in the relation between K(x) and its minorant K*(x).
We introduce the concept of a supporting set. Let {X"}¿° be a sequence of real numbers, 1 = Xo < Xi < X2 < • • • , X" -X"_i = 8 > 0.
Then we call {Xn}" a supporting set if the conditions
together with the convergence of (3) imply that K is not of type B, M being a certain constant.
We have the following criterion on supporting sets.
Theorem. {Xn}^ is a supporting set if and only if the polynomials P(x) satisfying the inequalities The condition is evidently sufficient. To prove the necessity, suppose that P(0) can be chosen arbitrarily large and consider the function lK*(x), x = X", n = 0, I, 2, ■ ■ ■ , K(x) = < {+ oo, everywhere else.
Suppose that We conclude that the particular function K(x) chosen above is of type B, which proves the assertion. A set must be sufficiently dense, if it is to be a supporting set. This follows from the following theorem.
Theorem. A necessary condition that {X"} ¿° be a supporting set is X" lim sup -< ».
n=» n
From this theorem and the definition of supporting sets it follows that there exist functions K(x) of type B for which the integral (3) converges.
Suppose that the upper limit is infinite. Let {»,}" be a sequence of integers to be determined later and set r*, , r \*\* T I *
Then log K*(x) is convex in log x. If k*(t) = log £*(««).
we have /" logK*(x) C ■2 dx = I k*(t)e-'dt. On the other hand the polynomials p'w-fi(i--5) satisfy the inequalities (5) for our choice of K*(x). From this, it follows by the preceding theorem6 that {X"}(5° is not a supporting set, which proves the theorem. If the sequence {X"}¿° satisfies the condition (5) and has some additional arithmetical regularity, then it is a supporting set. We shall content ourselves with the following result, showing that the class of functions K(x) for which the divergence of (3) II .
which depends on the function p(t) only.
